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Representative Volume ElementThe main purpose of this work is the computational simulation of the sensitivity coefﬁcients of the
homogenized tensor for a polymer ﬁlled with rubber particles with respect to the material parameters
of the constituents. The Representative Volume Element (RVE) of this composite contains a single
spherical particle, and the composite components are treated as homogeneous isotropic media, resulting
in an isotropic effective homogenized material. The sensitivity analysis presented in this paper is
performed via the provided semi-analytical technique using the commercial FEM code ABAQUS and
the symbolic computation package MAPLE. The analytical method applied for comparison uses the addi-
tional algebraic formulas derived for the homogenized tensor for a medium ﬁlled with spherical inclu-
sions, while the FEM-based technique employs the polynomial response functions recovered from the
Weighted Least-Squares Method. The homogenization technique consists of equating the strain energies
for the real composite and the artiﬁcial isotropic material characterized by the effective elasticity tensor.
The homogenization problem is solved using ABAQUS by the application of uniform deformations on spe-
ciﬁc outer surfaces of the composite RVE and the use of tetrahedral ﬁnite elements C3D4. The energy
approach will allow for the future application of more realistic constitutive models of rubber-ﬁlled poly-
mers such as that of Mullins and for RVEs of larger size that contain an agglomeration of rubber particles.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
A homogenization method has been developed for the predic-
tion of the elastic properties of polycrystals on the basis of the
properties of a single crystal, and it is a relatively old idea (Kröner,
1958); some works by Voigt recalled in this study date from the
end of the XIXth century. This technique has been used success-
fully for the prediction of the effective properties of composites
consisting of reinforcing particles and ﬁbers (Christensen, 1979)
using some upper and lower bounds or direct approximations,
and it has also been used for electric, thermal and magnetic ﬁelds
(Milton, 2002). In the present day, we solve homogenization
problems using various computational implementations of the
Finite Element Method (FEM) to solve exemplary problems for
the Representative Volume Element (RVE) of the entire heteroge-
neous structure to predict its equivalent physical properties. There
are essentially two different ways, at least in the micromechanics
of heterogeneous media, to accomplish this goal. The ﬁrst one is
based on the periodicity assumption, wherein the effective
properties are calculated using some geometrical expansion proce-
dure (Bensoussan et al., 1978; Kalamkarov and Kolpakov, 1997;Kamin´ski, 2005; Sanchez-Palencia, 1980), while the second
approach relies on determining the strain energy caused by
applying uniform strain ﬁelds to the RVE (and does not demand
any periodicity conditions) (Kushnevsky et al., 1998). However,
applications of the homogenization method today extend far
beyond the micromechanics of composites and also address
nanocrystalline structures (El-Khoury et al., 2011; Gürses and El
Sayed, 2011), nonlinear constitutive relations for polycrystals
(Sundararaghavan and Zabaras, 2006) and even certain contact
problems (Belgith et al., 2010). Sensitivity analysis itself (Frank,
1978; Haug, 1986; Kleiber et al., 1997) and its relation to the
homogenized characteristics of composites is also not a new theo-
retical problem (Fish and Ghouali, 2001; Kamin´ski, 2003). This
relation is addressed in classical sensitivity analysis methods such
as the Finite Difference Method (FDM) (Kamin´ski, 2003), the Direct
Differentiation Method (DDM) and the Adjoint Variable Method
(AVM). It is applied to calculate the sensitivity coefﬁcients of effec-
tive tensors with respect to the properties of the original compo-
nents (Noor and Shah, 1993; Kamin´ski, 2005), for certain
topologies (Hassani and Hinton, 1998; de Kruijf et al., 2007) or
for shape optimization (Rohan and Miara, 2006), and it is also
related to the understanding of composites with uncertainties
(Kamin´ski, 2009; Arwade and Deodatis, 2011). This particular re-
search area is still attracting much attention, and there are plenty
Fig. 1. Spatial idealization of periodic two-component composite.
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Singler, 2011; Kowalczyk, 2012), the scale-coupling effect (Unger
and Könke, 2008), thermo-electro-magnetic applications (Choi
and Yoo, 2008; Zhou and Li, 2008) and nanostructures (Benai and
Wenig, 2009), but the well-established methods are still being
applied and revisited (Neto et al., 2010; Yu et al., 2012).
Considering the above discussion, the main issue in this paper is
the computational investigation of the sensitivity coefﬁcients of
the energy under uniform strain of the RVE and the investigation
of the resulting homogenized tensor with respect to the elastic
parameters of its components. Although the 3D FEM analysis
is demonstrated for a composite ﬁlled with a certain type of
particle, the methodology is also valid for composites reinforced
with short or long ﬁbers. Similar studies have been conducted pre-
viously (Yanase and Ju, 2012) but only for composites reinforced,
rather than ﬁlled, with particles (Burr and Monnerie, 2000); in this
case, of course, the matrix has a smaller Young modulus and usu-
ally a larger Poisson ratio. The method of determining the sensitiv-
ity coefﬁcients remains the same as for particle-reinforced
composites, but it may yield quite different qualitative results.
The sensitivity analysis, however, is performed in a non-traditional
way, using the so-called response polynomial functions that relate
all the components of the effective elasticity tensor to the base
material parameters of the composite components, which are all
determined in a semi-analytical manner (the so-called Response
Function Method, or RFM). First, these response functions are
created using several solutions of the RVE problem with the design
parameters ﬂuctuating around their average values and using the
classical Weighted version of the Least-Squares Method (WLSM)
(Kamin´ski, 2013). This method is implemented in the symbolic
computer program MAPLE, v. 14, to recover the unknown
coefﬁcients of such a polynomial form. Then, we use analytical
differentiation to calculate the sensitivity coefﬁcients of the
homogenized tensor, and furthermore, these coefﬁcients are
derived as functions of the input design parameters in the close
neighborhood of their mean values and also with respect to the
order of the approximating polynomial. This approach provides
an effective means for the engineering optimization of such a com-
position of matrix and ﬁller, where there is still some opportunity
to modify the elastic properties of the components within certain
intervals during the manufacturing process. Numerical experi-
ments are performed on a very dense mesh to eliminate the mesh
sensitivity of the coefﬁcients being determined and also using tet-
rahedral ﬁnite elements in the commercial program ABAQUS,
wherein a detailed veriﬁcation of the interface continuity was per-
formed to include some 3D discontinuities in future extensions of
this model (Yanase and Ju, 2012). Such a detailed FEM discretiza-
tion eliminates the necessity for any mesh adaptation procedures,
but for future applications, some adaptation to optimize the mesh
would be advised. The beneﬁt of this ﬁne mesh and, at the same
time, the positive veriﬁcation of the method is the perfect agree-
ment of the resulting homogenized characteristics with these that
are analytically obtained by following the Eshelby model (Chris-
tensen, 1979) and based only on the volume fractions; this situa-
tion might change if the spherical particle shape were to be
replaced with an ellipsoidal one, for example. It should be empha-
sized that the overall computational effort requires n times the ef-
fort of the deterministic solution to the RVE problem, where n is
the total number of trial points necessary to build up the response
functions Cðeff Þijkl ¼ Cðeff Þijkl ðhÞ (four different sets of responses associ-
ated with all the input design parameters and three responses
for each of these components individually). The ﬁrst part is per-
formed entirely using the FEA system ABAQUS, while the approxi-
mation is performed using the MAPLE system. Further numerical
processing of these response functions during the analytical com-
putation of both ﬁrst- and second-order coefﬁcients is very rapid,while the use of Central Finite Difference algorithms usually dou-
bles the time consumption of the entire solution.
2. Homogenization method
Let us consider a heterogeneous and bounded continuum
X  R3, where elastic properties of the constituents included in
this region are treated as design parameters, and they result in
the displacement ﬁeld ui(x) and the stress tensor rij(x), which
satisfy the linear elasticity elliptic boundary value problem; vector
x = (x1, x2, x3) denotes local Cartesian coordinates (see Fig. 1). The
Representative Volume Element (RVE) X of this composite has
dimensions of 2l1  2l2  2l3 in these coordinates, respectively,
and contains a centrally located spherical particle that is perfectly
connected to a continuous matrix. Let us assume further that there
are non-empty subsets of the external boundaries of the region X,
namely, oXr and oXu, where the Dirichlet and von Neumann
boundary conditions are imposed, respectively. It should be
emphasized that the proposed homogenization method does not
require any Dirichlet boundary conditions, in contrast to the
homogenization approach presented in Kamin´ski (2005, 2013),
where both boundary conditions were used.
Considering the proposed numerical technique, the entire set of
boundary-value problems with the same boundary conditions and
with additionally modiﬁed input design variables hðaÞ; a ¼ 1; . . . ;n
(Kleiber et al., 1997; Kamin´ski, 2005), is to be solved. Henceforth,
we denote the total number of different values of our design
parameter (chosen near its average value) by n. Thus, the upper
index a indicates the different structural responses associated
with these input values. The solution to the particular boundary
differential-equation systems that describe the static equilibrium
near the average value of this parameter is sought:
rðaÞij ðxÞ ¼ CðaÞijklðxÞeðaÞkl ðxÞ; ð1Þ
eðaÞij ðxÞ ¼
1
2
@uðaÞi ðxÞ
@xj
þ @u
ðaÞ
j ðxÞ
@xi
 !
; ð2Þ
rðaÞij;j ðxÞ ¼ 0; ð3Þ
uðaÞi ðxÞ ¼ u^iðxÞ; x 2 @Xu; ð4Þ
rðaÞij ðxÞnj ¼ t^iðxÞ; x 2 @Xr: ð5Þ
The elasticity tensor that satisﬁes the symmetry, boundedness
and ellipticity conditions is deﬁned as
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1
2ð1þmðxÞÞ
 
; ð6Þ
where e(x) and m(x) denote the Young modulus and the Poisson ra-
tio, respectively, and i, j, k, l = 1, 2, 3 index the components of this
tensor, respectively. Furthermore, we introduce a variational for-
mulation, which can be expressed as a series of integral equations,
to obtain an appropriate numerical solution in terms of the Finite
Element Method. It yieldsZ
X
CðaÞijklu
ðaÞ
i;j du
ðaÞ
k;l dX ¼
Z
@Xr
t^idu
ðaÞ
i dð@XÞ; ð7Þ
where the left-hand side of Eq. (7) corresponds to the elastic
behavior of the structure, and the right-hand side is equivalent to
the applied stress boundary conditions. It should be mentioned that
the indexing with a, in addition to the RFM, should be added to the
computational domain X for the modeling of the shape sensitivity;
the corresponding extension to @Xu; @Xr and additional conditions
may reﬂect some ﬂuctuations in this external boundary structure.
The determination of the effective material tensor requires the
introduction of the strain energy for a heterogeneous medium, i.e.,
UðaÞ  UðhðaÞÞ ¼ 1
2
Z
X
CðaÞijkle
ðaÞ
ij e
ðaÞ
kl dX: ð8Þ
The homogenized medium accumulates the same amount of
energy as a medium with a series of effective elastic characteristics
Cðeff ÞðaÞijkl , so that we compare this with the strain energy stored in the
original medium:
UðaÞ ¼ 1
2
Z
X
CðaÞijkle
ðaÞ
ij e
ðaÞ
kl dX ¼ UhomðaÞ ¼
1
2
Z
X
Cðeff ÞðaÞijkl e
xðaÞ
ij e
xðaÞ
kl dX; ð9Þ
where exðaÞij are the macro strains in the equivalent macro-homoge-
neous body.
To make this comparison, we applied speciﬁc boundary condi-
tions to the composite RVE that correspond to its uniform tension.
First, we deﬁne the macro strains that result from the uniform ten-
sion of the RVE along the x1 axis (independent from the design
variables),
ex1ij :u1ðl1;x2;x3Þ¼D1; u2ðx1; l2;x3Þ¼0; u3ðx1;x2; l3Þ¼0;
u1ðl1;x2;x3Þ¼D1; u2ðx1;l2;x3Þ¼0; u3ðx1;x2;l3Þ¼0;
ð10ÞFig. 2. ABAQUS discretization of the R
Table 1
A comparison of various homogenization techniques for the particle-ﬁ
Homogenization method Cðeff Þ1111 [GPa]
FEM-based 5.2346 (2.91%)
3D analytical model 5.0865
3D spatial averaging 5.7575 (13.19%)and, independently, along the x2 axis,
ex2ij :u1ðl1;x2;x3Þ¼0; u2ðx1; l2;x3Þ¼D2; u3ðx1;x2; l3Þ¼0;
u1ðl1;x2;x3Þ¼0; u2ðx1;l2;x3Þ¼D2; u3ðx1;x2;l3Þ¼0:
ð11Þ
According to the deﬁnition, the macro strains can be deter-
mined as follows:
ex1ij ¼
D1
l1
; ex2ij ¼
D2
l2
ð12Þ
and reduced to x1 and x2 by only, while assuming additionally
l = l1 = l2 = l3.
Therefore, we obtain the following system of linear algebraic
equations to be solved symbolically in the MAPLE system for the
effective characteristics (the notation given at the end of each line
is deﬁned for use in further numerical illustration):
1
2C
ðeff ÞðaÞ
1111 ðex111Þ
2¼Ux1 U1
1
2C
ðeff ÞðaÞ
2222 ðex222Þ
2¼Ux2 U2
1
2fCðeff ÞðaÞ1111 ðex111Þ
2þ2Cðeff ÞðaÞ1122 ex111ex222þCðeff ÞðaÞ2222 ðex222Þ
2g¼Ux1[x2 U12
8>><
>: ;
ð13Þ
where the strain energy is equal to
Ux1[x2 ¼ Ux1 þ Ux2 þ
1
2
Z
X
rx1ij e
x2
ij dXþ
1
2
Z
X
rx2ij e
x1
ij dX ð14Þ
in the case of biaxial tension of the RVE. The computational imple-
mentation in the framework of the Finite Element Method is quite
straightforward and follows directly from traditional approaches
(see, e.g., Kamin´ski, 2013). These results are compared with the esti-
mation proposed by Christensen, 1979, and based on the effective
bulk modulus j(eff) and shear modulus l(eff),
jðeff Þ ¼ jðmÞ þ f ðpÞ j
ðpÞ  jðmÞ
1þ jðpÞjðmÞjðmÞþ43lðmÞ
ð15Þ
and
lðeff Þ ¼ lðmÞ  lðmÞ
15ð1 mðmÞÞ 1 lðpÞlðmÞ
 
f ðpÞ
7 5mðmÞ þ 2ð4 5mðmÞÞ lðpÞlðmÞ
; ð16ÞVE for the particle-ﬁlled polymer.
lled composite.
Cðeff Þ1122 [GPa] C
ðeff Þ
1212 [GPa]
2.5596 (3.89%) 1.3375 (1.99%)
2.4637 1.3114
2.9664 (20.40%) 1.3955 (6.41%)
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denotes the particle characteristics, and the index m denotes the
elastic parameters of the matrix.
Finally, let us deﬁne the problem, whose solution is numerically
provided here (Kamin´ski, 2009): ﬁnd
@Cðeff Þ
ijkl
@h , where h e {e
(p), e(m),
m(p), m(m)}.3. Sensitivity analysis in homogenization
The primary goal is to determine numerically the partial
derivatives of the components of the homogenized tensor with
respect to the input design variables. Because the deformations im-
posed on the outer boundaries of the RVE do not depend on any de-
sign input parameter h, one can deﬁne and solve a system of
algebraic equations for the partial derivatives of the components
of the effective elasticity tensor with respect to this parameter
from Eq. (13) as follows:
@Cðeff Þ1111
@h
¼ 2
ex111
 2 @Ux1@h
@Cðeff Þ2222
@h
¼ 2
ex222
 2 @Ux2@h
ex111
 2 @Cðeff Þ1111
@h
þ 2ex111ex222
@Cðeff Þ1122
@h
þ ex222
 2 @Cðeff Þ2222
@h
¼ 2@Ux1[x2
@hk
8>>>>>><
>>>>>:
: ð17ÞFig. 3. Sensitivity coefﬁcients of the internal energy U1 with respect to (a) the Young mo
(c) the Poisson ratio of the particle (lower left) and (d) the Poisson ratio of the matrix (If we assume the macro-isotropy of the effective medium, then
@Cðeff Þ1111
@h
¼ @C
ðeff Þ
2222
@h
¼ @C
ðeff Þ
3333
@h
@Cðeff Þ1122
@h
¼ @C
ðeff Þ
2233
@h
¼ @C
ðeff Þ
1133
@h
@Cðeff Þ2323
@h
¼ @C
ðeff Þ
1313
@h
¼ @C
ðeff Þ
1212
@h
¼ 1
2
@Cðeff Þ1111
@h
 @C
ðeff Þ
1122
@h
( )
8>>>><
>>>>>:
: ð18Þ
Furthermore, we provide a mathematical basis for the Least-
Squares Method (LSM) adjacent to the fourth-order tensor in both
the non-weighted (NLSM) and weighted (WLSM) versions of the
method (Kamin´ski, 2013). We use a polynomial approximation of
the sth order (indexed by b here) through n numerical tests of the
homogenization problem solvednear themean value of the givende-
sign parameter h; as a result, we obtain n different pairs ðha;Cðeff ÞðaÞijkl Þ
for a = 1, ..., n. We seek the following polynomial approximation:
Cðeff Þijkl ﬃDðbÞijklhb¼ f ðDijkl;hÞ b¼1; . . . ;s; s<n; i;j;k; l¼1;2;3: ð19Þ
For this purpose, we introduce the residuals at each trial point
and each component of the homogenized tensor, i.e.,
rijklðaÞ ¼ Cðeff ÞðaÞijkl  f ðDijkl;haÞ a ¼ 1; . . . ;n; i; j; k; l ¼ 1;2;3: ð20Þ
Therefore, the goal is to determine the coefﬁcients Dijkl, which is
done by minimizing the weighted residual function,dulus of the particle (upper left), (b) the Young modulus of the matrix (upper right),
lower right).
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Xn
a¼1
waar2ijklðaÞ a ¼ 1; . . . ;n; i; j; k; l ¼ 1;2;3: ð21Þ
The minimization can be performed as follows (Björck, 1996):
@Sijkl
@DðbÞijkl
¼ 2
Xn
a¼1
waarijklðaÞ
@f ðDijkl;haÞ
@DðbÞijkl
b ¼ 1; . . . ; s;
i; j; k; l ¼ 1;2;3: ð22Þ
Furthermore, we adopt the following notation:
Jijkl ¼ Jijklab ¼
@f ðDijkl;haÞ
@DðbÞijkl
a ¼ 1; . . . ;n; b ¼ 1; . . . ; s;
i; j; k; l ¼ 1;2;3: ð23Þ
We write the modiﬁed equations as follows:
Xn
a¼1
Xs
b¼1
JijklabwaaJ
ijkl
abD
ðbÞ
ijkl ¼
Xn
a¼1
JijklabwaaC
ðeff ÞðaÞ
ijkl ; a ¼ 1; . . . ; n;
b ¼ 1; . . . ; s; i; j; k; l ¼ 1;2;3: ð24Þ
Thus, we obtain the following matrix normal equations:
ððJijklÞTw JijklÞ Dijkl ¼ ðJijklÞTw Cðeff Þijkl ; i; j; k; l ¼ 1;2;3: ð25Þ
This system of equations (with the dimensions n  s) is solved
symbolically in the MAPLE system for each component of theFig. 4. Sensitivity coefﬁcients of the internal energy U12 with respect to (a) the Young mo
(c) the Poisson ratio of the particle (lower left) and (d) the Poisson ratio of the matrix (homogenized tensor separately to determine the n coefﬁcients of
the polynomial expansion of the homogenized tensor with respect
to the given h (a multicomponent vector or a single variable). After
ﬁnding the numerical solution to this equation, a ﬁnal polynomial
approximation is obtained, and such a form of the approximating
function is well justiﬁed by the numerical experiments performed
in the next section. The primary goal of incorporating the weight-
ing procedure into the least-squares approximation for the compo-
nents of the homogenized tensor with respect to the input design
variable is to speed up the numerical convergence for the sensitiv-
ity coefﬁcients of the homogenized tensor as the order of the poly-
nomial increases.4. Numerical analysis
Computational experiments using the homogenization method
are performed in the FEM system ABAQUS, wherein a 3D model of
the RVE has been created. The elastic parameters of the rubber par-
ticles are taken to be e(p) = 1.0 MPa and m(p) = 0.4888, while for the
polymer matrix they are equal to e(m) = 4.0 GPa and m(m) = 0.34. The
spatial discretization of the RVE domain with tetrahedral elements
C3D4 is given schematically for the full particle and half of the
matrix in Fig. 2 below (61265 elements for the matrix and 3829
elements for the particle); the RVE has unit dimensions in all direc-
tions, while the particle has a diameter equal to 0.5 (effectively,
6.5% of the volume of the RVE is occupied by the particle). The elas-
tic energies U1 and U12 are computed by the imposition of unit
deformations on the adjacent external boundaries of the RVE. Itdulus of the particle (upper left), (b) the Young modulus of the matrix (upper right),
lower right).
Table 2
Sensitivity coefﬁcients of the effective elasticity tensor components to the material
parameters computed using (a) the Response Function Method, (b) the Central Finite
Difference Method and (c) the Analytical Method.
Coefﬁcient h  eðpÞ h  eðmÞ h  mðpÞ h  mðmÞ
@U1
@h
0.00135 (a) 0.9992 0.0800 1.1300
0.00134 (b) 0.9987 0.0950 1.0810
@U12
@h
0.00181 (a) 0.9988 0.1090 1.5800
0.00176 (b) 0.9983 0.1269 1.5308
@Cðeff Þ1111
@h
0.00137 (a) 0.9982 0.0800 1.1300
0.00134 (b) 0.9987 0.0950 1.0810
0.00181 (c) 0.9982 0.0780 1.0530
@Cðeff Þ1122
@h
0.00258 (a) 0.9998 0.1650 2.5100
0.00264 (b) 0.9974 0.1930 2.4500
0.00368 (c) 0.9963 0.1610 2.4200
@Cðeff Þ1212
@h
0.00015 (a) 0.9998 0.0003 0.2282
0.00009 (b) 1.0000 0.0009 0.2304
0.00006 (c) 0.9999 0.0000 0.2269
M. Kamin´ski / International Journal of Solids and Structures 51 (2014) 612–621 617should be mentioned that the essential advantage of this approach
over other methods is that the particle does not need to have either
spherical or regular surface. We require only an efﬁcient 3D dis-
cretization algorithm to mesh it with the tetrahedral ﬁnite ele-
ments (together with the particle–matrix interface). Further, as
we apply constant deformation on the external boundaries of the
RVE, the method permits the insertion of as many particles of ﬁller
as is sensible from the methodological point of view. Considering
the size of the numerical problem, even with a single particle, we
must perform a detailed sensitivity study to eliminate design
parameters that do not inﬂuence the homogenized tensor or have
some secondary importance.
We ﬁrst compare the efﬁcacy of our FEM-based technique with
the results of the 3D analytical method of determining the effective
tensor components (given by Eqs. (15), (16)) and a simple 3D spa-
tial averaging (Christensen, 1979) of the matrix and its ﬁller (see
Table 1 below).
As could be expected, the 3D averaging procedure returns the
largest values of the speciﬁc components of the effective elasticity
tensor; those computed using the FEM procedure are signiﬁcantly
smaller (they share only the same ﬁrst signiﬁcant ﬁgure). The
smallest values are returned by the exact 3D analytical homogeni-
zation method, and they are not very different from the FEM-based
homogenized tensor. Table 1 also presents, in brackets, the relative
numerical error calculated as a percentage with respect to the 3D
analytical model. It is worth noting that the modeling error of
the FEM analysis ranges between only 2% and 4%. Additionally, inFig. 5. Sensitivity coefﬁcients of Cðeff Þ1111 with respect to (a) the Young modulus of the part
ratio of the particle (lower left) and (d) the Poisson ratio of the matrix (lower right).Table 2, we present a comparison of the sensitivity coefﬁcients
computed for the energies U1, U12 and for all homogenized tensor
components with respect to the Young moduli and the Poisson ra-
tios of the particle and the matrix. The computation is performed at
the average values of the parameters using the Response Function
Method proposed in the paper (a – the ﬁrst row in each cell), the
Central Finite Difference (CFD) approach (b – below the ﬁrst row)
and algebraic differentiation of the analytical homogenization
results (c). These three methods return nearly identical or veryicle (upper left), (b) the Young modulus of the matrix (upper right), (c) the Poisson
618 M. Kamin´ski / International Journal of Solids and Structures 51 (2014) 612–621similar results for the Young modulus of the matrix, and a slightly
weaker consistency among the methods is obtained when the
Young modulus of the particle or the Poisson ratio of the matrix
is the input design variable; undoubtedly, the worst comparison
is obtained for the Poisson ratio of the particle. The general obser-
vation can be made that the worst comparison is obtained for the
coefﬁcients that have small values, comparable to 0, and this is
caused by numerical effects rather than any methodological error.
The second issue is that the CFD is not very stable, as it is strongly
dependent on the design parameter increment: the basic step in
the RFM procedure has been taken here to be the denominator
for the ﬁnite-difference scheme.
Furthermore, because of the well-documented numerical stabil-
ity of the Weighted Least-Squares Method (WLSM), we propose
that the Dirac distributions of the weights around the mean values
of the internal energy and the effective tensor components can be
used to determine their probabilistic moments. The WLSM ﬁtting
and sensitivity analysis are both performed in the symbolic envi-
ronment of the MAPLE program using polynomial approximations
of various orders. We determine the analogous series of the effec-
tive elasticity tensor, whose sensitivity coefﬁcients are computed
here using the weighting scheme [1,1,1,1,1,6,1,1,1,1,1] (6 corre-
sponds to the average value of the design input parameter), via 11-
point representations of the Young moduli of the matrix and the
particle near their average values. Computational experiments
consisting of 11 trials for the given input design variable have been
determined to be the most efﬁcient procedure for various engi-Fig. 6. Sensitivity coefﬁcients of Cðeff Þ1122 with respect to (a) the Young modulus of the part
ratio of the particle (lower left) and (d) the Poisson ratio of the matrix (lower right).neering applications (Kamin´ski, 2013). Even in the computational
evidence presented in this work, it is apparent that approximating
polynomials (response functions) of an order of 8 or 9 return very
efﬁcient approximations of the computed coefﬁcients because they
are nearly identical; in this case, an 11-point computational do-
main seems to be optimal.
All computational results are presented in Figs. 3–7: the sensi-
tivity coefﬁcients (normalized to the average value of each design
parameter) of both strain energies, U1 (Fig. 3) and U12 (Fig. 4), and
the homogenized elasticity tensor components Cðeff Þ1111 (Fig. 5), C
ðeff Þ
1122
(Fig. 6) and Cðeff Þ1212 (Fig. 7). They are all shown as functions of the or-
der of the approximating polynomial – from ﬁrst to ninth – and of
the input value of the given design parameter. The variation in the
neighborhood of the design variable is much smaller than that
observed for the WLSM calculations – this variation is caused by
the accidental boundary discrepancies noticed in (Kamin´ski,
2009) at the end of a computational domain (local end numerical
oscillations). This type of presentation may be advantageous for
engineering optimization, when some small modiﬁcations of the
elastic parameters in polymers are possible, and to determine the
most optimal order of computational analysis. The most desirable
order is, in practice, the lowest possible order that yields results
that correctly reﬂect the dominating trend of the given sensitivity
coefﬁcient.
The strain energy during the application of uniaxial tension on
the RVE (U1) given in Fig. 3 is apparently most sensitive to the Pois-
son ratio of the matrix (lower right graph), followed by the Youngicle (upper left), (b) the Young modulus of the matrix (upper right), (c) the Poisson
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serve decisively smaller sensitivity coefﬁcients for the Poisson ratio
of the particle (lower left graph) and almost no sensitivity to the
Young modulus of the rubber particle (upper left graph). All the
sensitivity coefﬁcients have positive values within their domains;
this means that the higher the given parameter value is, the larger
is the strain energy of the composite. First-order approximating
response functions are usually rather dissimilar from the other re-
sults, so in general, their use is not advised for further computa-
tions. Furthermore, it is observed that the sensitivity coefﬁcients
with respect to the Young moduli (the upper series of graphs)
exhibit certain discrepancies at some higher orders (a single high-
er-order curve outside the general trend). The series that are pre-
sented in Fig. 4 shows very similar tendencies and interrelations
to those given in Fig. 3; some speciﬁc results are naturally slightly
larger in this case. A general tendency is that the behavior of an en-
ergy coefﬁcient versus an input design parameter is nearly linear
within the interval of variation of the design parameter with the
exception of certain higher-order polynomials (possibly caused
by numerical inconsistency). This linear trend is positive for all
coefﬁcients with respect to the particle characteristics (right-hand
graphs in Fig. 4), while it may exhibit a slightly descending charac-
ter for the Young modulus of the matrix. Once more, the Poisson
ratio of the matrix is the dominating design parameter, followed
by the Young modulus of the matrix; the coefﬁcient associated
with the Poisson ratio of the particle is smaller by a factor of 10,Fig. 7. Sensitivity coefﬁcients of Cðeff Þ1212 with respect to (a) the Young modulus of the part
ratio of the particle (lower left) and (d) the Poisson ratio of the matrix (lower right).while the Young modulus of the rubber particle is entirely unim-
portant here. The optimal rank of the approximating polynomial
appears to be four, as it yields results that are very similar to those
of all higher orders except the cases in which these higher-order
polynomials exhibit numerical anomalies with respect to the
general tendency (upper right graphs in Figs. 3 and 4). Lower-order
approximations do not seem to provide a satisfactory accuracy,
which is especially apparent for the maximum coefﬁcients shown
in the lower right graphs of these ﬁgures.
Analogous interrelations hold true for the ﬁrst two components
of the homogenized tensor, Cðeff Þ1111 (Fig. 5) and C
ðeff Þ
1122 (Fig. 6), although
the sensitivity coefﬁcients computed for Cðeff Þ1122 are slightly larger at
each point (see the corresponding graphs in Figs. 5 and 6). They are
all positive, continuous and differentiable functions with no singu-
larities. It is necessary to mention that neither any of the computed
coefﬁcients nor the Poisson ratio of the particle at the limits of its
physical admissibility exhibits the dramatic increase observed in
those computed via the ﬁnite differencing scheme (Kamin´ski,
2003; Kamin´ski, 2009); rather, they exhibit quite regular variations
here. The situation changes rapidly for the last component of the
effective tensor for most of the input parameters (especially both
Poisson ratios, for which negative coefﬁcients are observed – see
the lower series in Fig. 7), but it remains qualitatively the same
for the Young modulus of the particle (still entirely insigniﬁcant,
cf. upper right graphs in Figs. 5–7) and even quantitatively the
same for the Young modulus of the matrix. It is found (Figs. 5–7)icle (upper left), (b) the Young modulus of the matrix (upper right), (c) the Poisson
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signiﬁcantly in the regime of elastic deformation, but this situation
may change for non-elastic deformations, which should be
explicitly veriﬁed numerically in further computational sensitivity
analyses.
5. Concluding remarks
1. The presented computational technique has been veriﬁed to be
very efﬁcient in providing a homogenization of the considered
composite type and in determining the sensitivity coefﬁcients
for the effective tensor with respect to the elastic parameters
of the components. A very important ﬁnding is that the bound-
ary conditions applied in this approach are insensitive to the
material parameters of the composite constituents (in contrast
to the approach explored by Kamin´ski (2003), Kamin´ski (2005),
Kamin´ski (2009)), which eliminates the material characteristics
from the right-hand-side vector in the numerical model and
simpliﬁes the ﬁnal solution. This feature will be of paramount
importance in further probabilistic analysis using this method,
as the boundary conditions will remain deterministic, while
the strain energy and the initial and homogenized elastic (or
even inelastic) material parameters could be random (or sto-
chastic). As was previously emphasized, the Response Function
Method may be applicable to determine the coefﬁcients of the
state functions for both homogeneous and heterogeneous
media, such as nodal displacements or the temperatures for
heat-transfer analysis. For such applications, the response
functions must be recovered using a local approach – for any
discrete point of interest for a given computational domain.
2. The performed numerical analysis demonstrates that the
Poisson ratio of the matrix appears to be the crucial factor for
the ﬁrst two components of the effective elasticity tensor.
The effective tensor components exhibit a slightly smaller
sensitivity to the Young modulus of the matrix. Furthermore,
we observe that the coefﬁcients computed with respect to the
Poisson ratio of the particle are many times smaller than those
computed with respect to the parameters of the matrix, while
the Young modulus of this particle is shown to be entirely
non-inﬂuential on these two components. A slightly different
situation manifests in the case of Cðeff Þ1212, for which the Young
modulus of the matrix dominates, and the sensitivity coefﬁ-
cients with respect to the Poisson ratio of this constituent can
even be negative (the larger the given input parameter is, the
smaller are the effective characteristics). The material charac-
teristics of the ﬁller particle exert essentially no inﬂuence on
this last component of the homogenized tensor. The next gen-
eral conclusion that can be drawn on the basis of the quantita-
tive results is that ﬁrst-order approximating polynomials
cannot be recommended in any case for the reliable determina-
tion of the sensitivity coefﬁcients using this method (on aver-
age, the fourth order appears to be the most optimal). Usually,
faster convergence of the results is achieved as the order of
the polynomial increases, but some accidental inaccuracies
may occur at certain orders (lower or higher). Therefore, one
can test the few approximations of various orders and identify
the dominating tendency apparent in the prevailing group of
coefﬁcients.
3. From an engineering point of view, it would be valuable
to apply the developed numerical methodology to the
computational approximation of the response functions of the
homogenized characteristics with respect to the volume ratio
of the ﬁller; such a study would enable the more rational design
of the rubber-ﬁller fraction throughout the entire elastomer
volume. It is necessary to emphasize that this study is a preli-
minary introduction to further nonlinear sensitivity analysis,which may consider the constitutive relation with the Mullins
effect (Miehe et al., 2011) and the plastic yielding of a matrix
(Gehant et al., 2003) as well as probabilistic simulations of anal-
ogous composites that exhibit some randomness in their base
material parameters (Kamin´ski, 2003; Kamin´ski, 2009). In such
a situation, the effective tensor components and their coefﬁ-
cients should be determined for each discrete point of the given
hysteresis. It will be necessary to check whether the polynomial
response function is the best approximation option to model
the relation between the effective tensors and the base material
parameters of the composite constituents. Some other popular
approximations using exponential, harmonic or hyperbolic
analytical functions with unknown coefﬁcients may have signif-
icant importance for probabilistic modeling based on the
Response Function Method (Kamin´ski, 2009).Acknowledgments
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